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Practical Three-Dimensional Aerodynamic Design
and Optimization Using Unstructured Meshes

Jonathan Elliott¤ and Jaume Peraire ²

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

A methodology for performing optimization on three-dimensional unstructured grids based on the Euler equa-

tions is presented. The same, low-memory-cost explicit relaxationalgorithmis used to resolve the discrete equations
that govern the ¯ ow, linearized direct, and adjoint problems. The analysis scheme is a high-resolution local-

extremum-diminishing-type scheme that uses Roe decomposition for the dissipative ¯ uxes. Mesh movement is
performed in such a way that optimizationof arbitrary geometries is allowed. The parallelizationof the algorithm,

which permits its extension to optimization of realistic, complete aircraft geometries, is presented. Two sample
optimizations are performed. The ® rst is the inverse design of a transonic wing/body con® guration using a surface

target pressure distribution found by analyzing the geometry for known design variable de¯ ections. The second
exercise is the inverse design of a business jet con® guration consisting of wing, body, strut, nacelle, horizontal ® n,

and vertical ® n. The surface target pressure distribution in this case is provided by an analysis of the con® guration
with no strut-nacelle.

I. Introduction

A DVANCES in both computer technologyand algorithms have
allowed computational¯ uid dynamics (CFD) to occupya vital

part of the aerospace, marine, and automotive vehicle design pro-
cesses, signi® cantly reducing the costs associated with testing of
physical models. However, it is possible that even greater dividends
are being missed due to the absence, to a large extent, of formal
aerodynamic/hydrodynamicoptimizationin thesedesignprocesses.
Indeed, the couplingof aerodynamicsensitivitieswith, for example,
structural weight and propulsion sensitivities in a multidisciplinary
design optimization (MDO) process promises even richer rewards
and is thought to be vital to ensure the viability of future vehicles
such as the High Speed Commercial Transport (HSCT).

The main obstacle to aerodynamicoptimizationhas been the high
cost associated with the calculation of sensitivities. However, in
recent years impressive efforts have been made using structured
grids that allow for ef® cient sensitivity calculation.1 , 2

For the solutionof ¯ ow® elds over complexdomains,unstructured
grid methods have several advantages over their alternative struc-
tured counterparts.For example, the time associated with grid gen-
eration for multiblock schemes and the errors associated with lack
of conservationand grid generationproblems (to a lesser extent) for
Chimera-type schemes limit their usefulness. Unstructured mesh
methods using tetrahedra offer the ability to model ¯ ows around
complex geometries and can incorporatemesh adaptiveprocedures.
The issue of weaknesses associated with resolving boundary lay-
ers and viscous wakes is currently being tackled, and it is believed
that unstructuredmethods will have viscous resolution capabilities
matching those of structured grids in the not too distant future.

Transonic/supersonic wing design in the presence of strut-
nacelles and aircraft high-lift system design are examples of tasks
associated with inherently complex geometric domains for which
unstructured ¯ ow solvers, with automatic mesh generation, have a
decided advantage. Furthermore, the capability to re® ne and dere-
® ne unstructured meshes introduces the possibility of distributing
the mesh degreesof freedom more ef® ciently and thereforeconcen-
trating elements where they are required to reduce the local error to
a desired level.

Received Oct. 15, 1996;accepted for publicationApril 8, 1997.Copyright

c° 1997 by the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

¤ Graduate Research Assistant, Department of Aeronautics and Astronau-
tics, Room 37-471, 77 Massachusetts Avenue. E-mail: jkelliot@mit.edu.
Member AIAA.

² Associate Professor, Department ofAeronautics and Astronautics,Room
37-451,77 Massachusetts Avenue. Email: peraire@mit.edu. Senior Member
AIAA.

Hence a capability to perform optimization using unstructured
¯ ow solvers is perceived to be an important one. We present a ca-
pability for performingpractical three-dimensionaloptimizationon
unstructured grids in which the cost of the gradient calculation is
practically independent of the number of design variables. This is
done using the discrete adjoint method9¡ 11,13,21 and solving the re-
sulting system with the same explicit multistage timesteppingalgo-
rithm used to solve the ¯ ow equations.

For structured grids, generation of analytic sensitivitiesbased on
the Euler equations in two and three dimensions has recently been
performedusing the analytic adjoint approach,13, 18, 19 in which ¯ ow
and adjointequationsarediscretizedseparately.The same relaxation
algorithm was used to solve ¯ ow and adjoint equations. In Ref. 13
an alternating direction method with upwind biasing and multigrid
was used to drive the residuals to zero. In Ref. 18 an explicit multi-
stage relaxation scheme was used in a scheme incorporating scalar
dissipation with pressure switching to allow shock capturing.

Newman et al.15 and Newman and Taylor14 presenteda capability
to generate two-dimensional and, recently, three-dimensional un-
structured sensitivities, respectively, for a second-order scheme us-
ing Van Leer ¯ ux vector splitting.This was doneusing an incremen-
tal iterative implicit time-marching scheme. They used the discrete
sensitivityanalysis approach in which differentiationof the discrete
¯ ow analysis scheme is performed directly. They extended this ca-
pability to second orderby using the ® rst-orderJacobianon the left-
hand side with its lower required core memory (due to the smaller
stencil) and the second-order Jacobian on the right-hand side.

A three-dimensionalunstructured sensitivity capability based on
the Euler equations was also reported in Ref. 5 by the present au-
thors. The extension of this capability to the optimization of real-
istic, complete aircraft geometries is discussed in this paper. This
extensionhas been made possible (for practicaldesign times) by the
parallelizationof the algorithm.

All sensitivity analyses reported here use the discrete sensitiv-
ity analysis approach. Introduction of an arti® cial time-dependent
term into the adjoint and sensitivity equations permits their ef® -
cient solution by using a relaxation scheme identical to the ¯ ow
analysis scheme. The ¯ ow variables are discretized on two- and
three-dimensionalunstructuredgrids.Local-extremum-diminishing
(LED) properties are obtained by introducing just enough dissipa-
tion to upwind each characteristic component through the use of
a Roe-averaged ¯ ux Jacobian.12 Minmod-limited antidiffusion is
added to improve the accuracy of the scheme to second order in
smooth regions of the solution. Furthermore, the mesh movement
algorithm can handle arbitrary geometries and consists of ® nding
the equilibrium position of the unstructured mesh considered as a
system of interconnectedsprings.
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Section II presents the details of the ¯ ow and sensitivity analysis
algorithms. Section III presents applications of these algorithms to
sample optimization exercises. Validation of the sensitivities pro-
duced by the algorithm has been presented in Ref. 5, and here we
focus on the details of the optimization exercises. We summarize
the capabilitiesdevelopedand indicate future research directions in
Sec. IV. Note that the algorithm extends trivially to optimizationof
other more general cost functions such as drag.

II. Flow and Sensitivity Analysis Algorithms
Flow Analysis

For illustrationpurposes, the algorithm is described based on the
two-dimensional algorithm. The three-dimensional algorithm is a
direct extension thereof. The integral form of the Euler equations
reads

*
X

@U

@t
dx dy = ¡ *

X
r ¢ !F dx dy = ¡ KC

!F ¢ Ãn ds (1)

where

U = [q , q u, q v, q E]T (2)

and X is a closed control volume with boundary C and !F is the
usual ¯ ux tensor. The discretizationof U and !F on an unstructured
triangulationof the domain is accomplished using piecewise linear
polynomials. The spatial discretization is completed by using the
® nite volume formulation with control volumes consisting of all
triangles having vertex i and performing exact integration around
the outer boundaryof this control volume. For illustrativepurposes,
the semidiscrete form is shown here to be advanced in time using
a forward Euler scheme. A multistage Runge±Kutta was used in
the reportedcomputations.After discretization,the following set of
equations results:

Un + 1
i = Un

i + r ( D t/ A)i Ri (U
n ) (3)

where a cell-dependenttimestep D ti has been used for convergence
acceleration, Ai is the area of the control volume, and r represents
the local Courant±Friedrichs±Lewy (CFL) number. The residual at
a point can be calculated as a sum over all of the edges that contain
that point17:

Ri =
K

Sik = 1

[R]i k (4)

where ik represents the edge connecting nodes i and k and the
residual increment for an interior edge is

[R]i k = ¡
!Fi + !Fk

2 ¢ Sik (5)

where Sik is the area vector associated with edge ik and calculated
as follows:

Sik = (yk + 1 ¡ yk ¡ 1, xk ¡ 1 ¡ xk + 1) (6)

(see Fig. 1).
The residual contribution for a wall boundary edge is

[Rb
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¢ Sb ¡
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2 ¢ Sl, l + 1

(7)

where the second term ensures closure of the control volumes
(Fig. 1) and

Sb = (yl ¡ yi , xi ¡ xl ) (8)

For a far-® eld boundary edge, the contribution to the residual be-
comes

[R
b
i ]il = ¡

!Fb
i + !Fb

l + 2 !Fi

2 ¢ Sb ¡
!Fi + !Fl

2 ¢ Sl, l + 1 (9)

Fig. 1 Area vectors for boundary and interior edges.

where the superscript b indicates that the ¯ ux includes a ® rst-order
diffusivecontributionthat achievesupwindingusingRoe averaging,
as described next, between the given node and the freestream state
vector U 1 :

!Fb
i ¢ Sb =

!Fi + !F 1
2 ¢ Sb ¡

Sb

2 j A j (Ui ¡ U 1 )

where A = @( !F ¢ Ãnb)/@U is the standard Roe matrix20 resolved in
the directionof the boundarynormal Ãnb = Sb/ Sb and can be formed
from the Roe averaging of Ui and U 1 . These expressions for the
¯ uxes at the boundariesensure that correct boundaryconditions are
imposed and that we have R(U) = 0 at steady state everywhere in
the domain, including the nodes on the boundary.This is important
for it guarantees that the implicit function theorem holds and that
correct sensitivitieswill be calculated(asdiscussedin the Sensitivity
Analysis section).

To stabilize the scheme, a dissipative term, premultiplied by a
matrix coef® cient, is added to the preceding equations for interior
and far® eld boundary ¯ uxes:

Dik = (S/ 2) j A(Ui , Uk) j (Ui ¡ Uk) = (S/2)P j K j P ¡ 1(Ui ¡ Uk)

(10)

where S = j Sik j and A is now resolved in the direction of the face
normal Ãn ik = Si k/ S and is based on a Roe averaging of Ui and Uk .
This ensures positivity of the coef® cients multiplying increments
of characteristic variables, D Wi k = P ¡ 1 D Ui k . However, the added
dissipation makes the scheme ® rst-order accurate and causes it to
be too diffusive.To correct this, we add antidiffusion that is limited
in a nonlinear manner to maintain the LED properties. Hence the
diffusive ¯ ux takes the form

Dik = (S/ 2)P j K j [P ¡ 1 D Uik ¡ L(P ¡ 1 D U ¡ , P ¡ 1 D U+ )] (11)

Several options are available for the limiter function L(u, v). Here
we simply take

L(u, v) = minmod(u, v) (12)

and D U ¡ , D U+ are formed exactly from the gradients in the cells
that either end of the edge points into.3 For example,

D U+ = ( r U)+ ¢ (xi ¡ xk) = ²ir D Uir + ²i s D Uis (13)

where the nodes in the element that the edge points into have been
labeled i, r, s and ²ir , ²i s are, by construction, always positive. The
additionof antidiffusioncauses the scheme to now resemble a high-
orderMUSCL scheme. For furtherdetails of similar algorithms, see
Refs. 4, 16, and 17.



ELLIOTT AND PERAIRE 1481

Timestep Calculation
It was found for three-dimensionalcases that use of a linearized

Fourier stability analysis to determine the allowable timestep6 al-
lows convergenceto machine accuracyonly for very low CFL num-
bers.For practicalCFL levels, limit cyclingwas observed.It is found
that, for analysis, the solutions produced are acceptable when this
limit cycling occurs at residual levels that are low. However, the
sensitivity analyses performed for baseline state vectors U whose
solution convergencehistories exhibited this limit-cyclingbehavior
can be unstable at the CFL numbers at which the analyseswere run.
For example, at r = 0.5, limit cycling was typically observed for
¯ ow analysis and the sensitivity analysis was unstable, whereas for
r = 0.05, convergence to machine accuracy was typically found
for both ¯ ow and sensitivity analyses, although this was very slow.

The problem was solved by supplementing the local timestep
calculation with a check on violations of the TVD (Total Variation
Diminishing) CFL-like condition. For a scalar equation, TVD con-
ditions for the semidiscrete form of a scheme that can be expressed
as

du0

dt
=

K

Si = 1

c0i (ui ¡ u0) (14)

are

c0i > 0 i = 1, . . . , K (15)

where K represents the total number of nodes that contribute to the
residual at node i . When the forward Euler time discretization is
performed, the fully discrete scheme is

un + 1
0 = un

0 + D t
K

Si = 1

c0i (u i ¡ u0) =
K

Si = 1

d0i u i + l 0u0 (16)

In this case, the TVD conditions become

d0 j = D tc0 j > 0 j = 1, . . . , K (17)

l 0 = 1 ¡ D t
K

Si = 1

c0i > 0 (18)

The latter is a multidimensionalformof theTVD CFL-like condition
® rst discussed in Ref. 8. For our scheme, this takes the form

l i = 1 ¡ D ti [
edges

S ki

(C int
ki + C

upw
ki + C ad

ki
) +

bou

S ki p

Cbou
ki p ] (19)

where the four coef® cients in the inner parentheses representmaxi-
mum multipliersof characteristicdifferences, D W = P ¡ 1 D U. They
correspond to interior ª physicalº ¯ uxes, ® rst-order diffusive ¯ uxes,
antidiffusive¯ uxes, and boundary¯ uxes, respectively,and are given
by

C int
ki = C

upw
ki = ( r / Ai )S k max (20)

C ad
ki = ( r / Ai )(²ir + ²is )S k max u (r) j max (21)

where u (r) is the limiter function ® rst introduced in Ref. 22 and is
related to L(u, v) in Eq. (12) by L(u, v) = u u (v/u). For the present
case, with the minmod limiter, u max = 1.

The supplemental TVD check consisted of modifying D ti such
that l i > l t = 0 was obtained. In fact, it was found that this led to
rather small values for D t , and consequently,slow convergenceand
subsequent investigation revealed that using a threshhold value of
l t < 0 allowed quick convergencewithout limit cycling. An exam-
ple presented in Ref. 5 shows dramatically improved convergence
properties with l t = ¡ 1 for an analysis case. Furthermore, the
sensitivity calculation, with an identical D t , was found to be sta-
ble for the CFL number at which the analysis scheme had been
run.

Sensitivity Analysis
Gradient-basedoptimizationmethodsrequirethegradient,or sen-

sitivity,of a cost function I (U, ¯) with respectto thevectorof design
variables¯. Sensitivities can be calculatedusing either the direct or
the adjoint method. In either case, the implicit function theorem,
which results from direct differentiationof the steady-statediscrete
residual equation, is used:

R(U, ¯) = 0 (22)

with respect to the design variables, producing

dR

d¯
= 0 )

@R

@U

@U

@¯
= ¡

@R

@¯
(23)

We can calculate the cost function sensitivity as follows:

d I

d¯
=

@I

@¯
+

@I

@U

@U

@¯
(24)

With the direct method, one solves relation (23) directly for U b =
@U/ @¯, whereas with the adjoint method, one solves for the adjoint
variables Ã that satisfy

( @R

@U )
T

Ã = ( @I

@U )
T

(25)

The cost function sensitivities are then calculated according to

d I

d¯
=

@I

@¯ ¡
@I

@U ( @R

@U )
¡ 1

( dR

d¯ ) =
@I

@¯ ¡ ÃT ( dR

d¯ ) (26)

It is possible to adopt exactly the same relaxationalgorithm to solve
Eqs. (22), (23), and (25). Hence to ® nd U b or Ã, we can drive the
following linear equations to steady state:

Un + 1
b i = Un

b i + r ( D t

A )
i
[ @R

@U
U b + ( dR

d¯ )
U
] (27)

Ãn + 1
i = Ãn

i + r ( D t

A )
i
( @R

@U

T

Ã ¡
@I

@U

T

) (28)

For the direct method, Eq. (23) is solved for each design variable,
whereas for the adjoint method, Eq. (25), requiring a similar com-
putational effort, needs to be solved only once, assuming that only
one objective function is considered. This represents a large cost
savings when the number of design variables is large.

These schemes are stable because the error modes are subject
to the same ampli® cation matrix as those for the linearized ¯ ow
analysis scheme (3):

D Un + 1
i ¼ D Un

i + r ( D t

A )
i

@R

@U
D Un (29)

The stability characteristics of Eqs. (27) and (28) are the same be-
cause transposinga matrix does not change its eigenvalues.Indeed,
for all calculations performed, the asymptotic convergence rate of
analysis, direct, and adjoint schemes was found to be very close.

The matrices @R/@U and @R/ @X [the residualsensitivitiesto grid
nodal coordinates,which are needed in the calculationof (@R/ @¯)]
are constructed in exactly the same fashion as R(U), namely by
looping over the edges of the triangulation.This allows for debug-
ging and comparison with ® nite difference quantities at the edge
level. The equation corresponding to Eq. (4) for sensitivities is

@Ri

@U j

U b j =
K

Sik = 1
[ @Ri

@U j
]

i k

U b j
(30)

where, for example, for an interior edge,

[ @Ri

@U j
]

ik

U b j = {¡
d k j

2

@!Fk

@U ¢ Sik +
@

@U j

(SP j K j )

£ [D Wik ¡ L( D W ¡ , D W+ )] + (SP j K j )
@

@U j

£ [D Wik ¡ L( D W ¡ , D W+ )]}U b j
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For the adjoint problem, the transposed Jacobian is required:

[ @R j

@Ui
]

T

Ãi =
K

Si k = 1
[ @Ri

@U j
]

ik

Ãi (31)

The chain rule is applied to the forcing term derivatives. Thus,
we have

@R

@¯
=

@R

@X

dX

d¯
(32)

and dX/ d¯, the variationof the nodal coordinatesX with respect to
the design variables ¯, is also calculatedby looping over the edges.

Grid motion is accomplishedusing Jacobi-like iterationbased on
the force equilibrium of springs, one of which lies along each edge
of the triangulation.The relaxation scheme is

±n + 1
i = S ki j ±

n
j

S ki j

(33)

where ki j = j D !xi j j ¡ 1 and

Xn + 1 = Xn + ±n + 1 (34)

and ± is the vector of nodal displacements. Therefore the grid sen-
sitivity is simply

dX

d¯
=

@±N

@¯
=

@±N

@±N ¡ 1

@±N ¡ 1

@±N ¡ 2 ¢ ¢ ¢
@±1

@±0

@±0

@¯
(35)

where we have performed N Jacobi iterations of the grid relaxation
scheme.The factorsof the form @±i / @±i ¡ 1 in the precedingproduct
are found from Eq. (33), whereas @±0/ @¯ is determined from the
expression for the wing surface design variable perturbation. It is
simple and inexpensive to check the correctnessof these sensitivity
calculations vs ® nite difference, and this has become our standard
practice.

Much discussion of boundary conditions for the adjoint equa-
tion has taken place in the literature.9 ¡ 11,13 We take the approach
that, because we have implicitly included the boundary conditions
in the expression for the ¯ ow equation residual, the grid and ¯ ow
derivatives of these residuals will automatically include the bound-
ary conditions for both adjoint and ¯ ow sensitivity variables.

Implementation Issues

The resulting solution algorithm is readily parallelized using do-
main decomposition and explicit message-passing.The implemen-
tation is such that the message-passing libraries MPI or PVM can
be employed and the code can run on a variety of platforms, ranging
from clusters of workstations to mainframe parallelmachines, such
as the IBM SP2 and the CrayT3D. At present, themesh generationis
carried out in a serialmanner and the computationalmesh is decom-
posed after the mesh generation is completed. It has been decided
to follow a strategy in which the mesh is partitioned in such a way
that edges belong to a single subdomain, whereas nodal points may
be shared between several subdomains.The domain is decomposed
using a coordinate bisection algorithm. All of the communication
arrays, necessary for the transfer of information between the sub-
domains, are evaluated during the domain partioning stage. Within
each subdomain, the edges are subdivided into two groups. One
group contains the interdomain boundary nodes, i.e., the nodes re-
quiring communication. The second group contains interior nodes
only. Typically, a loop over all of the edges containing boundary
nodes is performed ® rst. The values accumulated at the boundary
nodes are then broadcast to the neighboring domains. The interior
edgesare considerednext, and the informationfrom the neighboring
domains is received. In this way, communication and computation
take place concurrently.The parallel ef® ciency achieved using this
strategy with 12 processors on the IBM SP2 at the Massachusetts
Institute of Technology is higher than 95% for the simulation of
practicalproblems.With this implementation,the ¯ ow analysiscode
requires 0.32 l s per time step per mesh point, whereas the adjoint
requires 2.42 l s.

In Ref. 5, it was found that the edge contributions to the @R/ @U
matrix could be stored easily for the two-dimensional case. Elim-
inating the cost of forming this matrix every iteration lowers the
per-iteration cost signi® cantly. It was found that, in two dimen-
sions, the sensitivity calculation CPU cost was approximately half
that of the ¯ ow analysis,whereas it was a factorof eight larger (than
¯ ow analysis) in three dimensions, where saving these terms on an
edge basis was not done originally due to the overwhelminglylarge
memory requirements for a serial implementation. However, for
small three-dimensionalcases it was found that saving the @R/ @U
matrix reduced the per-iteration cost by a factor of about four. Fur-
thermore, the parallel implementation allows storing of @R/ @U for
much larger systems becauseonly those valuescorrespondingto the
local domain and interface regions need to be stored.

III. Results
Wing/Body Optimization

This case was based on a seed geometry that included a fuselage
with circularcross sectionsanda wing loftedby placingNACA0012
sections into a planform with the following parameters: leading
edge sweep K L E = 25 deg, aspect ratio Ar = 9, and taper ratio
k = 0.2. Freestream conditions were chosen to be M 1 = 0.8 and
a = 1.25 deg.

The baseline grid and pressure contours are shown in Figs. 2
and 3, respectively. The mesh contains 65,000 nodes and 350,000
elements. This optimization case was performed using the serial
algorithm. Four design variables were used. The associated mode
shapes were chosen to be products of linear functions g j (y) in the
spanwise direction and NACA four-series meanline [ f1(x/ c) with
maximum at 40% chord] and thickness [ f2(x/ c)] functions in the
chordwise direction.Speci® cally, the wing upper and lower surface
parameterizationsare

zupper(x , y) = z0
upper(x , y) +

Ndes

Si = 1

b i hi (x , y)

= z0
upper(x , y) +

Ni

S i = 1

N j

S j = 1

b ki j
fi (x/ c)g j (y)

(36)

zlower(x , y) = z0
lower(x, y) +

Ndes

Si = 1

} i b i h i (x , y)

= z0
lower(x , y) +

Ni

Si = 1

N j

S j = 1

} ki j
b ki j

fi (x/ c)g j (y)

where ki j = i + 2( j ¡ 1); } k is ¡ 1 and 1 for thickness and camber
design variables, respectively; and z0

upper, for example, represents
the baseline upper surface. The functions fi and g j for this case are
summarized in Table 1.

A target pressure distribution was generated by perturbing the
camber design variables by an amount corresponding to vertical
movement of the mean line of D (yc/ c)(x/c = 0.4) = 0.02 (at the
spanwise design variable maxima) and to a change in maximum
thickness of ¡ 0.04c. Hence the geometry of the target corresponds
closely to a linear loft into the baseline planform of NACA2408

Fig. 2 Surface grid for baseline three-dimensional wing/body calcula-
tion.
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Table 1 Surface parameterization for wing/body problem

Function De® nition Range

f1 [0.8(x /c) ¡ (x /c)2]/0.16 0 < x /c < 0.4

[0.2 + 0.8(x /c) ¡ (x /c)2]/0.7056 0.4 < x /c < 1
f2 0.2969 p (x /c) ¡ 0.12810(x/ c) 0 < x /c < 1

¡ 0.35160(x /c)2 + 0.28430(x / c)3

¡ 0.1015(x / c)4

g1 (ymidspan ¡ y)/ (ymidspan ¡ yroot) yroot < y < ymidspan

(y ¡ ymidspan)/ (ytip ¡ ymidspan ) y > ymidspan

g2 0 yroot < y < ymidspan

(y ¡ ymidspan)/ (ytip ¡ ymidspan ) y > ymidspan

Fig. 3 Surface pressure contours for three-dimensional wing/body at
M = 0.8 and ® = 1.25 deg; pressure from 0.6464 to 1.7296.

Fig. 4 Geometry evolution for wing/body optimization exercise.

sectionsfrom g = 55 to 100% and a NACA0012 sectionat the wing-
body intersection.This representsa one-third reduction in thickness
and a very large camber change, both of which are probably much
larger than the magnitudes of thickness and camber changes that
might typically be found in a transport wing design process. They
therefore represent a more challenging target than would typically
be found.

Using the resulting pressure distribution as the target pressure
ptarg in the expression for the cost function, cost function sensitivi-
ties were calculatedby the adjoint method. Modal design optimiza-
tion was performed using the BFGS method. The BFGS method is
a quasi-Newton method in which an increasingly accurate estimate
of the Hessian matrix H is made based on changes in the gradient
vectoralong the optimizationpath.7 Resultinggeometry and surface
pressureevolutionsare shownin Figs. 4 and5, whereas theevolution
of design variables and cost function is shown in Fig. 6. Note that,
after the eighth iteration, the BFGS optimization process had to be
restarted because it was found that the optimization had reached a
local minimum. This is not to be unexpected considering the large
design variable changes that were being demanded. Also, at this
point the thickness design variables were rescaled such that unit
thickness design variable change caused approximately the same

Fig. 5 Pressure evolution for wing/body optimization exercise.

Fig. 6 Cost function and design variable evolution for wing/body op-
timization exercise.

magnitude of maximum airfoil surface movement as unit camber
design variable change. It can be seen that after the restart/rescaling
action, the design process rapidly drives geometry and pressure to
the target distributions.The robust convergence to the target, in ad-
dition to validation exercises (such as those performed in Ref. 5),
provides con® dence that the sensitivities are being accurately cal-
culated by the current scheme.

Business Jet Optimization
The second optimizationexample presentedhere is that of a busi-

ness jet con® guration consistingof wing, body, horizontal and ver-
tical ® ns, and fuselage-mountedengines.Freestream conditions are
M 1 = 0.85 and a = 2 deg. Engine exhaust total pressure and tem-
perature increases are not modeled, i.e., ¯ ow-through conditions
are assumed. The baseline grid and pressure contours are shown in
Figs. 7 and 8, respectively. The grid contains 160,000 nodes and
860,000elements. The target pressuredistributionwas chosen to be
that found on the wing when the strut-nacelle assembly is removed
at the same conditions.This pressuredistributionis shown in Fig. 9.
It can be seen that the ª clean wingº pressure distribution is more
desirable as it carries more lift inboard due to the shock being much
fartheraft. Six designvariableswhose associatedmode shapes were
combinationsof three chordwise functions and two spanwise func-
tions were used. The selected design variables result in a wing pa-
rameterization given by Eq. (36), and the functions fi and g j for
this case are listed in Table 2. Note that the chordwise functions are
given by a shear function (which is similar to a twist variable for
small geometryperturbations)and two Hicks±Henne functions.The
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Fig. 7 Surface grid for baseline business jet calculation.

Fig. 8 Baseline surface pressure contours for business jet at M = 0.85
and ® = 2 deg; pressure from 0.3398 to 1.6767.

Fig. 9 Target surface pressure contours for business jet at M = 0.85
and ® = 2 deg; pressure from 0.3398 to 1.6770.

spanwisefunctionshavemaxima at the wingbodyintersection(yroot)
and at the nacelle centerline (yengine). They are both zero outboard
of a location y2, which lies halfway between the engine centerline
and the planform break. Slope and function continuity in the ® nal
geometry is ensured with this spanwise variation.

The grid perturbationalgorithm is more challenging for this case
because movement of the wingbody intersection requires nodes ly-
ing on the fuselage surface to move also. This is to avoid generation
of highly skewed elements or even elements with negative volume.
This was done by taking advantage of the circular geometry of the
fuselage sections. Points close to the wing/body intersection were
moved circumferentially by an amount determined by the product
of a function g, taken to be linear in h (the angular coordinate for
the circular section associated with the local value of x), and the

Table 2 Surface parameterization for business jet problem

Function De® nition Range

f1 x/ c 0 < x/ c < 1

f2 sin[p (x /c)2.40942] 0 < x/ c < 1

f3 sin2[ p (1 ¡ x /c)] 0 < x/ c < 1

g1 cos2[( p /2)(y ¡ yroot)/ (yengine ¡ yroot)] 0 < y < yengine

0 y > yengine

g2 sin2[( p /2)(y ¡ yroot)/ (yengine ¡ yroot)] 0 < y < yengine

cos2[( p / 2)(y ¡ yengine )/ (y2 ¡ yengine)] yengine < y < y2

0 y > y2

Fig. 10 Geometry evolution for business jet optimization exercise.

Fig. 11 Pressure evolution for business jet optimization exercise.

circumferential movement of the wing/body intersection at that x
location:

D h [x , h (z)] = D h w /b(x)g[h (z)] (37)

The linear function in h is constructed such that it tends to zero
at the symmetry plane below and the circumferential coordinate
corresponding to the lower limit of the strut that is a constrained
obstacle.The chain rule is applied to ® ndgrid sensitivitiesassociated
with this grid movement. Ideally, a CAD tool should be used to ® nd
the new surfaces and intersection curves, along with a scheme to
automaticallyrelocate thegridpointson these surfaces.This process
should be readily differentiable, which would retain the capability
of calculating exact grid sensitivities. In the interest of expediency,
this task has been left as future work.

Sensitivities were calculated using the adjoint method, and op-
timization proceeded using the BFGS method. Note that golden
section line searches were used for the second and third design iter-
ations to ensure adequate reduction in the cost function and hence
global convergence.This is a common tactic for quasi-Newton op-
timization strategies.Convergence to the minimum was found after
seven iterations. Also, regridding was performed for the modi® ed
geometry after four design iterations because of excessive stretch-
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Fig. 12 Surface pressure contours for business jet at M = 0.85 and
® = 2 deg after seven design iterations; pressure from 0.3398 to 1.6770.

Fig. 13 Cost function and design variable evolution for business jet
optimization exercise.

ing of elements at the wing/body intersection. Surface geometry
and pressure evolutions are shown in Figs. 10 and 11. The ® nal
pressure distribution is shown in Fig. 12. Cost function and design
variable evolutions are plotted in Fig. 13. It can be seen that much
of the lift found for the ª clean wingº case has been recovered. As
expected, some of this has been achieved by moving the wing away
from the strut-nacelleassembly whose blockage is the source of the
high-pressureregion. Unexpectedly,more leverage on reducing the
cost function appears to have been found by cambering the wing
and hence increasingthe lift. At the minimum, the cost function has
decreased by a factor of 43%.

Various partitioning strategies of the domain were used in this
exercise, with the number of domains used varying from 6 to 20.

IV. Conclusion
In Ref. 5, the authors demonstrated, for the discrete two- and

three-dimensionalEuler equations, the capability to accurately cal-
culate ª exactº sensitivities. Per-iteration times for the sensitivity
analysis were found to be a factor of 2 lower than those for the
analysis in two dimensions. In three dimensions, the corresponding
per-iteration times were found to be a factor of slightly less than
8 higher. However, when the @R/@U matrix is stored, the increase
in cost is reduced to a factor of about 2. The extension of the three-
dimensionalcapabilityto practicaloptimizationof completeaircraft
con® gurations by parallelization of the scheme has been presented
and found to be accurate and ef® cient. Furthermore, use of the
adjoint method practically eliminates the dependence of the cost
function gradient calculation on the number of design variables.

However, the number of iterations required to reach a minimum
for optimization exercises based on the BFGS strategy will tend to
depend on Ndes because a good estimate of the Hessian H is not
typically found until after Ndes iterations.
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